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On determining INNUMERABLE PORTIONS of a SPHERE, the 
SOLIDITIES and SPHERICAL SUPERFICIES of which 
PORTIONS are at the fame Time algebraically ajfignable. By the 
Rev. J. BRINKLEY A. M. ANDREWS Profejor of AJlronomy 
in the Univerfity of Dublin. 



IN the year 1692, Viviani, a Florentine, who had been the pupil Read, No?. % > 
of Galileo, propofed to the mathematicians of the age a prob- l8oi# 
lem, in which it was required to affign a portion of the fur- 
face of a fphere exaftly quadrible. This problem, truly in- 
determinate, and known by the name of the Florentine prob- 
lem, was readily folved by feveral in various ways*. The con- 
ftru&ion, however, of Viviani, which was afterwards publifhed 
by himfelf, without demonftration, exceeded the others in fim- 
plicity and elegance. It cannot now be known in what manner 

Viviani 

* Wallis's Works, vol. ii. p. 478, and the Leipfic A£ts, 1692. 
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Viviani demonftrated his conftru&ion. It may be readily and ac- 
curately done by methods familiar to geometricians before the 
difcovery of flexions and of the differential calculus. Yet Vi- 
viani feys of the problem Ct Cujus- divinatio, a fecretis artibus 
" illuftrium analyftarum vigentis aevi, expetfatur, quod in geometriae 
" purse hiftoria tantummodo vcrfatus ad tarn recondita vide&tur inva- 
" lidus." By " fecretae artes" there can be no doubt he defigned the 
method of fluxions and the differential calculus (at that time in 
manner concealed by Newton and Leibnitz) 5 it therefore may 
be fuppofed that Viviani's demonftration was not the fimpleft one 
of which the conftru&ion of his problem admits* Undoubtedly 
the demonftration, independent of fluxions, is much lefs difficult 
than the problems propofed by Pafcal concerning the cycloidal 
folids, in which the mathematicians of the middle of the fe- 
venteenth century were fo much engaged. Enter long after- 
wards propofed to determine a portion of a fphere, which inftead 
of its furface fhould have its folidity accurately affignable. Euler 
has given a very ingenious folution of this indeterminate problem^ 
but not one that merits the epitKet of elegant, which he juftly 
gives to the problem. His folution, being derived from the 
method of coordinates and double integrals, is much lefs fimple 

than 
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than what a consideration of the properties of the fphere would 
have furnifhed. By proceeding upon too general principles the 
eafieft cafe efcaped him. This cafe has lately been difcovered and 
announced in the fecond mathematical volume of the French Nati- 
onal Infiitute, by M. Boffut, from which it appears that Viviani's 
coaaftru&ion of. the Florentine problem determines at the fame 
time a portion of th# furface of the fphere, and a portion of its 
folidity, both exa&ly affignable. M. BoiTut tells us, that the 
analyfis of his folution is much more difficult than that of Vi- 
viani's conftru£tion f and proroifes to communicate it hereafter. 
In the mean time, Mr, Woodhoufc has given a very ingenious 
demotaflration of it an thefirft part of the Phil. Tranf. for 1801. 
This dcmoxi&ca.timi) however, being performed by the method 
of -coordinates and dopble integrals, is lefs fimple than the prob- 
lem admits. 

What feems accidental in Viviani's conftru&ion will take place 
in an innumerable variety of inftances ^ and it is the objed of 
the prefent EfTay to fhew that " there are innumerable conflruStions 
by which portions of a fphere may be obtained Jo that the fpherical 
fuperficies and folidity of each portion are accurately aj/ignable. 

3 T 2 Lemma. 
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Lemma. 

If a fpherc be perforated by a right cylinder, the axis of which 
pafTes through the centre of the fpherc, the folid content of the 
remainder of the fphere is to ^ of a cube, the fide of which is 
the length of the cylinder entirely within the fphere, as the cir- 
cumference of a circle to its diameter. 

Dem. Let AMB« be a fedion of the fphere through the 
axis of the cylinder M m. Let <5 M H h mg be a fedion of the 
Fig i c y^ n ^ er 5 Gg = Hb its length wholly within the fphere, and 
let A B and D F be drawn parallel to G H, g h which will 
therefore be diameters of fedions of the fphere perpendicular 
to Mi», 

The area of the fedion through D F : fed. of cylind. :: D S* : 
K S* therefore dividendo 

fed. of remainder : fed, of cylind, :: DS* — KS* : KS* 
but fed, of cylind. : great circle : : K S a : AC* 
whence 



Sed. 
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fed. of remainder : great circle :: DS* — K S* ( G N* ) ~ 
CN» — C S* : A C* ; or fed of remaind. : C N* — C S* :: great 
circle : A O : circumf. : diameter. 

Now if on the fquare on C N as a bafe, a cube and pyra- 
mid of the fame height be conftru&ed, the difference of the 
areas of any fe&ions of the cube and pyramid at the diftance 
CS from the vertex = CN* — C S* . And the folids of equal 
heights, whofe fe&ioas at the fame height are always in the 
fame given ratio, are in the ratio of their bafcs, therefore the 
remainder of hemifphere t diff. between the cube and pyramid 
:: circumference : diameter. But the difference between the 
cube and pyramid — f of the cube. Hence the remainder of 
the hemifphere i \ cube on C N : : circumference : diameter, 
or remainder of fphere : £ cube on CN=t cube on G^ :; 
circumference : diameter. Q^E D. 

Problem. ABC being a quadrant of a great circle of a 
fphere, the centre of which is C, it is required to find the nature JT]^ %* 
of the curve E/wtzC, fo that the furface of the fphere infill- 
ing perpendicularly over the area EA»wC may be algebraically 
aflignable ; and alfo that the folidity infilling perpendicularly on 
the fa tti e area may be algebraically aflignable. 

Solution.. 
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Solution. Let the rad, AC = r, C n — z, the meafure of the 
L A C R to rad. unity = a, and let o» be a circular arc defcribed 
with radius C n (35). Bccaufe the furface of a zone contained 
between a great circle and a parallel circle equals the re&angle 
~ contained by the circumference of the great circle, and the per- 

pendicular d if la nee between the circles*, it readily follows that 
the furface of the fphere infilling perpendicularly above and 
below PRo = aPR x.|CR* — C **}= 2 P R x V /2 _**"? 
This furface is to the furface ftanding perpendicularly on Pas 77 R 
ultimately in the ratio of equality. Therefore the fluxion of the 
furface over A C * R = 2 ra fr* —z*) • Again it eafily follows 
from the lemma that the folid infifting perpeadi^krly on P R no == 

-— — x ^ cube of the perp. at n = - — X ^% —^iVf, and the 
1 C R 3 ^R 

ratio of this folid to the folid inflating on PR#z»is ultimately 

the ratio of equality. Hence the fluxion of the folid infifling 

on AC«R=:}fl r* — 'z?\l. 

It follows therefore that the value of a muft be fucfo that 



the fluents of ^ a [r * ** ? may be both algebraically' ex- 

preffed. This it readily appears can take place by affuming 
an infinite variety of values of a in terms of % , z and confh 
quantities* The problem confequently is truly unlimited. 

To 

* Archimedes dc Sphscra & Cylindro. 
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To confider more particularly fome of thefe cafes, 
i Let a = z 

J r % _ Z i"\ 

and the fluent of <{ . _. . ._ ; 

l\ax r % — z*\\^z fl, * aiXr 1 — »* =?| r*z-£ s* == (when *—/•)£ r*. 

Becaufe in this hypothelis a=z z or a r = r z ~. 

i "~ — Fig, & 

therefore tf r = circ. arc rad. r and fine 2, or /, A R = C n t or cofinc 
of BR = C// Confequently the angle B n C is a right angle, 
and the locus of n or the curve C n m is a femicircle defcribed on 
the diam. B€. This cafe therefore furnifhes the folution which 
Viviani himfelf gave of the Florentine problem. 

If on the radius which is the continuation of BC another femi* 
circle be defcribed and the fame conftru£tion made, the furface 
of the hemifphere infifting perpendicularly between the femi- 
circle and the quadrants — 2 x % r* -^ the fquare of the diame- 
ter of tfte fphere. 

Also* if a.circk be defcribed on each radius of a diameter of a 
fphere, and the fphere be perfoiated by cylinders infifting perpen- 
dicularly 
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dicularly on thefe circles, the remainder of the fphere —4x|^3 = 
t cube on the diameter of the fphere, as M. Boffut has announced 
in the fccond volume of the French National Inftitute*. 



2. Iv a = -_^! — \m being a numerical coefficient) then the 



corred fluents of 



2raX r 2 —%*\\ = $ m x r z — ^^J^f 



y a X n — ^2 <i = tV m X rs — r 2 — z* H 



when z—r the furface becomes 1. m r*> and the folid Jjtn rl . 
The curve in this cafe fatisfying the problem cannot pafs through 

Fig. 2. B, for by taking the fluents a = , and therefore if the 

curve pa{Ted through B, m = 2 a = femi-circumference of a circle, 
the rad. of which is unity, and not an affignable number, con- 
fequently the folid and furface could not be algebraically ex- 
prefled. 

If 

*By help of the theorem of Archimedes for the furface of a fpherical zone Viviani's 
conclufion may, without difficulty, be accurately deduced by method known to geome- 
tricians before the invention of fluxions and by the help of the lemma above given 
BofTut's theorem might alfo be deduced by the fame method, independent of fluxions. 
Hence Viviani's aflertion refpe&ing the difficulty of folving the problem from geome- 
trical confideration alone; cannot be confidered as juft. 
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If tn be taken, any number having a lefs ratio to unity 
than the circumference of a circle to its diameter the curve 
will cut AB* If m be taken, having a greater ratio to unity 
than the circumference to the diameter, the curve will cut the 
continuation of A B, and in both cafes the conditions of the 
problem will be anfwered. 



n 

If a =z m z z 
r* + » 
coefficient 



, n being any odd nu.ubcr and m a numerical 



f 



. r; 1/^=5- _<l,.,;;i^* 



the fluents of 1 

2 • . J. . a n% 



— ax r* — **\ * = #• ~ tn z zx r * — % z \* 
3 > 



3 



will be had in finite terms, and therefore the conditions of the 

n -f- I 

problem will be anfwered. From the equation a ^ m z the 

n + I 

value of m may be determined fo that the curve may cut AB 
Vol. VIIL 3 U or 



[ 5^2 ] 



or its continuation. Becaufetf= mzz 

7x7 > rf p = the perpendi- 

cular from C on the tangent to the curve, mz z • 

r » + 1 r 

I a -f" * % a m + 4 2 2«-f" 22 

f^rZZTp%^\ Therefore r /> - m z — ;;; z p or p = 

' 2~« + 2 ~ V " "TV+T^ ^ the equation of the fpiral of which E # C 
r -{- m z 

is a portion. 



3. Let a = m z % 

n .•- ^ — ; — N /z being any whole pontive num- 
ber, and m a numerical coefficient, 

2 r a \Jr* — z*\ = im r 1 

n 4- 1 
the fluent of ^ Vwhen^ = r, 

3 3 *+i • >* + 3 

Becaufe in this hypothefis a = »i * * ^ when „ . g an 

r«vjr 2 — ^ 2 
odd number the relation of a and z will be algebraical ; when 

n is 
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n . 

n is even the fluent of mz z can be found by help oi 

r n f r 2 — z 2 
the circle, 

Therefore if the value m be taken according to the different 
values of n fo that z may become equal to r, innumerable fo- 
lutions will be had. 

By thefe and other obvious methods innumerable folutions 
may be obtained* Curves may be obtained that fhall pafs through 
neither B nor C, or through B and not through C. 

The curves above obtained are, except the circle, fpirais, 

4. If it be required that the curves be fuch that the relation 
between the abfciffa CD = ^ and the ordinate T)n —y may be Fig. 2. 
algebraical ; fuch curves may be found, but not fo readily as the 
above. When the curve is algebraical z is an algebraical fundion 

of pc and j, whence, becaufe z = JL- and z = ^— , it follows that 

j, a cs, a 

x, a and cs^ a are algebraical functions of z. 

1 . Let j, a = — , then cs^ a = ^ l — 
r r* 

m m 

therefore a = - x ___ — — = -.-— — 
r vi — z z f r* — z 2 

r* 

3 U 2 ™ s 
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This value of a> as was fhewn above, anfwers the conditions 
of the problem. 

Now x — z s, a ~ Z — % y = zcs, a — * z% 51 
r r% 

whence jr» = «* — fl = r x — ** , which is the equat. to thl 
circle, as before found. 

2. Let j, a = £L then r/, 4 — \ i — — 



and * = ££l^-_ = LL"L^ 
Hence 2 r a /7» — z? =* 4** 



3 i* - .7 — x r* — z* 

T r 2 — 2 z 



confequently the fluent of J- * x r»— s^r = — r3 X 4/a— 5 > when 



Zznf 



and 
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and therefore in this cafe the fuperficies and folid are algebraically 

aflignable. 

Becaufe x = z s,a = — , and j = z c j, a =J %% ~ZJL 
it follows that 



# 2 r4 = y* -f x 2 I * is the equation to the curve in this cafe. 
This curve will pafs through B, becaufe when z — r, j, a ~ 
radius. 



